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Discrete convolution in 1D:

g[n] =

∞
∑

n′=−∞

f [n− n′]h[n′]

Discrete convolution in 2D:

g[n,m] =

∞
∑

m′=−∞

∞
∑

n′=−∞

f [m−m′, n− n′]h[m′, n′]

Forward DFT (analysis):

G[k] =

{

∑N−1
n=0 g[n]e

−2πkn/N , 0 ≤ k ≤ N − 1,
0 otherwise

Inverse DFT (synthesis):

g[n] =

{

1
N

∑N−1
k=0 G[k] e 2πkn/N , 0 ≤ n ≤ N − 1,

0 otherwise

Fourier transform: (analysis)

F (ω) =

∫ ∞

−∞

f(x) e− ωxdx

Inverse Fourier transform: (synthesis)

f(x) =
1

2π

∫ ∞

−∞

F (ω) e  ωxdω

comb(x/X, y/Y ) ,
∞
∑

k=−∞

∞
∑

l=−∞

δ(x− kX, y − lY )

sinc(x) ,
sin(πx)

πx

rect

(

x

X

)

=

{

1, |x| < X/2
0, |x| > X/2

rect

(

x

X
,
y

Y

)

, rect

(

x

X

)

rect

(

y

Y

)

rect

(

r

R

)

,

{

1, |r| < R
0, |r| > R

FT properties
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Duality:

g(x) ­ f(ω)

f(x) ­ 2πg(−ω)

∞
∑

k=−∞

δ(x− kX)­
∞
∑

k=−∞

δ(ω − k 2π/X)

f(x) ∗ h(x)­ F (ω)H(ω)

f(x)h(x)­
1

2π

(

F (ω) ∗H(ω)
)

fs(x) =
∞
∑

k=−∞

δ(x− kX)f(x)

Fs(ω) =
2π

X

∞
∑

k=−∞

δ(ω − k 2π/X) ∗ F (ω)

Forward transform: (analysis)

F (w1, w2) =

∫ ∞

−∞

∫ ∞

−∞

f(x1, x2) e
−(w1x1+w2x2)dx1dx2

Inverse transform: (synthesis)

f(x1, x2) =
1

2π

∫ ∞

−∞

F (ω1, ω2) e
(ω1x1+ω2x2)dω1dω2

Forward transform: (analysis)

F (ω) =

∫

<n
f(x) e−ω·xdx

Inverse transform: (synthesis)

f(x) = (2π)−n

∫

<n
F (ω) e ω·xdω

Spectrum |F (u, v)| =
√

R(u, v)2 + I(u, v)2

(magnitude) R(u, v): real part of F (u, v)
I(u, v): imaginary part of F (u, v)

Phase φ(u, v) = arctan
(

I(u,v)
R(u,v)

)

Conjugate symmetry F (u, v) = F ∗(−u,−v)
|F (u, v)| = |F (−u,−v)|

Duality If g(x, y)­ f(u, v)
then f(x, y)­ g(−u,−v)

Translation f(x± x0, y ± y0)­ F (u, v)e±2π(ux0+vy0)

f(x, y)e∓2π(u0x+v0y) ­ F (u± u0, v ± v0)
Rotation f(r, θ + θ0)® F (ρ, φ+ θ0)
Convolution f(x, y) ∗ h(x, y)­ F (u, v)H(u, v)
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Space domain Frequency domain
δ(x, y) 1
δ(x− x0, y − y0) e±2πx0ue±2πy0v

rect
(

x
A ,

y
B

)

AB sinc(Au,Bv) = AB sin(πuA)
πuA

sin(πvB)
πvB

rect(r/R), r =
√

x2 + y2 R jinc(Rρ), ρ =
√
u2 + v2

comb(x/X, y/Y ) XY comb(uX, vY )
cos(2π(uox+ v0y))

1
2 (δ(u+ u0, v + v0) + δ(u− u0, v − v0))

sin(2π(uox+ v0y))  12 (δ(u+ u0, v + v0)− δ(u− u0, v − v0))

e−π(x2+y2) e−π(u2+v2)

sin(α) cos(β) =
1

2

[

sin(α− β) + sin(α+ β)
]

sin(α) sin(β) =
1

2

[

cos(α− β)− cos(α+ β)
]

cos(α) cos(β) =
1

2

[

cos(α− β) + cos(α+ β)
]

e±θ = cos(θ)±  sin(θ)

F [k, l] = Fs(u, v)×
∞
∑

k=−∞

∞
∑

l=−∞

δ(u− kus/N, v − lvs/M)

fp(x, y) = fs(x, y) ∗
∞
∑

m=−∞

∞
∑

n=−∞

δ(x− nN/us, y −mM/vs)

fs(x, y) = f(x, y)×
∞
∑

k=−∞

∞
∑

l=−∞

δ(x− k/us, y − l/vs)

Fs(u, v) = F (u, v) ∗
∞
∑

k=−∞

∞
∑

l=−∞

δ(u− kus, y − lvs)

h(x, y) =
1

2πσ2
e−(x

2+y2)/σ2

θLS = (F
TF)−1FTy

θLS = F
+y

F = USVT

F =
N
∑

n=1

σnunv
T
n

I = I0 e
−

∫

L
µ(x) du

I = I0 e
−

∑K
k=1 µk lk

p = ln
I0
I
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p , p(θ, s) =

∫

L

µ(x) du

=

∫

x·θ=s

µ(x) dx

p(θ, s) = Rf(x) =

∫

x·θ=s

f(x) dx =

∫

<N
f(x) δ(x · θ − s) dx

p(θ, s) = Rf(x, y) =

∫

[ xy ]·θ=s

f(x, y) dx dy

=

∫ ∞

−∞

∫ ∞

−∞

f(x, y) δ
(

x cos(θ) + y sin(θ)− s
)

dx dy

Property Distribution Radon transform Rf
Linearity f(x) =

∑

i fi(x) Rf(x) =
∑

iRfi(x)

Limited support f(x) = 0, |xi| > D/2 Rf(x) = 0, |s| > D
√
N/2

Symmetry f(x) Rf(x) = p(θ, s) = p(−θ,−s)
f(x, y) p(θ, s) = pθ(s) = pθ±π(−s)

Periodicity f(x, y) pθ(s) = pθ±2kπ(s), k ∈ Z
Translation f(x− x0) p(θ, s− x0 · θ)

f(x− x0, y − y0) p(θ, s− x0 cos(θ)− y0 sin(θ))
Rotation f(r,Tφ) p(Tθ, s), T: rotation matrix

f(r, φ+ θ0) pθ+θ0(s)
Scaling f(ax) 1

|a|p(θ, as)

Mass conservation M =
∫

<N
f(x) dx M =

∫∞

−∞
p(θ, s) ds

∫

<2

f(x, y) dx dy =

∫

S

∫ ∞

0

f(r,θ) |J| dr dθ =
∫

S

∫ ∞

0

f(r,θ) r dr dθ

F (ξ) =

∫

<2

f(x) e−2πx·ξdx =

∫ ∞

−∞

∫ ∞

−∞

f(x, y) e−2π(ux+vy)dx dy = F (u, v)

Pθ(w) =

∫ ∞

−∞

p(θ, s) e−2πws ds

fBP(x) = BP{p(θ, s)} ,
∫ π

0

p(θ, s) dθ

fBP(x) =
1

I

I
∑

i=1

p(θi, s = x · θi)

f(x) =

∫ π

0

F−11
{

2πwPθ(w)
}

∗ F−11
{ sgn(w)

2π

}

dθ

=

∫ π

0

∂p(θ, s)

∂s
∗ 1

2π2s
dθ

J =
⌈ D

∆s

⌉

=
⌈

2Dρmax
⌉

I =
⌈ π

∆θ

⌉

=
⌈

πD ρmax
⌉
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pij = λij + ε

fE(ε) =
1√
2πσε

e
− 1

2σ2
ε
ε2

,

P (ε1 < E ≤ ε2) =

∫ ε2

ε1

fE(ω) dω

P (A ∩B) = P (A)× P (B)

P (∩N
i=1Ai) =

N
∏

i=1

P (Ai)

fE(ε) =
1

(2π)IJ/2|Σ| 12
e−

1
2
εTΣ−1 ε

fP|Λ(p,λ) =
1

(2π)IJ/2|Σ| 12
e−

1
2
(p−λ)TΣ−1(p−λ)

fP| U (p,µ) =
1

(2π)IJ/2|Σ| 12
e−

1
2
(p−Fµ)TΣ−1(p−Fµ)

`(µ) = − ln
[

1

(2π)IJ/2|Σ| 12

]

+
1

2
pTΣ−1p− 2pTFµ+ µTFTΣ−1Fµ

µ
WLS

=
(

FTΣ−1F
)−1
FTΣ−1p

P (∆Ti ≥ s+ t |∆Ti ≥ s) = P (∆Ti ≥ t)

p(t) = β e−βt

P (N(t) = k) = e−βt (βt)
k

k!

P (N = k) = e−λ (λ)
k

k!

`(µ) = −
I
∑

i=1

J
∑

j=1

−λij(µ) + pij ln(λij(µ))− ln(pij !)

Ne >
2πD

d

A
ZX →A

Z+1 Y + β− + ν +Q

A
ZX →A

Z−1 Y + β+ + ν +Q
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A
ZX + e− →A

Z−1 Y + ν +Q

dmp
dt

= γmp × B0

ω0 = −γB0

α = γ0

∫ τp

0

H1(t)dt

dM

dt
= γM × B

dMz

dt
=
M0 −Mz

T1

Mz(t) =M0 (1− e−t/T1)

dMx

dt
= −Mx

T2
dMy

dt
= −My

T2

Mx(t) = Mx(0) e
−t/T2

My(t) = My(0) e
−t/T2

Mxy(t) =M0 e
−t/T2

1

T ∗2
=
1

T2
+ γ∆B0/2

I = ~

√

I(I + 1)

E = −γ~mIB0

∆E = E2 − E1 = −γ~

[

− 1
2
− 1
2

]

B0 = γ~B0

~ω0 = γB0 ~

s(t) = S cos(ω0t+ φ) e−t/T∗
2

Mz(TR) =M0

(

1− e−TR/T1)
)

Mz(nTR) =M0

(

1− e−TR/T1
)

, n ∈ Z, n > 0
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S ∝M0

(

1− e−TR/T1
)(

e−TE/T2
)

ω(x) = γ(B0 + xGx)

dMxy

dt
=

(

 ω0 −
1

T2
−  γ Bg(r)

)

Mxy

Mxy =My + jMx

Bg(r) = (x ex + y ey + z ez) ·
[

Gx(t) ex +Gy(t) ey +Gz(t) ez
]

= r ·G(t).

Mxy(r, t) =M0 ρ(r) e
−γr·

∫

t
0
G(τ) dτ

S(t) =M0

∫

ρ(r) e−γr·
∫

t
0
G(τ)dτdr.

S(t) =M0

∫∫

ρ(x, y) e−γ(x ex+y ey)·
∫

t
0

[

Gx(τ) ex+Gy(τ) ey

]

dτdx dy.

S(tx, Ty) = M0

∫∫

ρ(x, y) e−γ(xGxtx+yGyTy)dx dy

= M0

∫∫

ρ(x, y) e−γ(xu+yv)dx dy

∆f = f − f0 =
±2f0v cos θ

c
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